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1. F o r m u l a t i o n  of Universa l  Turbulen t  B o u n d a r y - L a y e r  Equa t ions .  An a r b i t r a r y  choice  of the r e p r e -  
senta t ive  fami ly  of skin f r i c t ion  o r  ve loc i ty  p ro f i l e s  is used in the in tegra l  methods  of tu rbulen t  b o u n d a r y -  
l a y e r  computa t ions ,  ff a t w o - l a y e r  s e m i e m o i r i c a l  s c h e m e  is used in computa t ions ,  t h e n i t  b e c o m e s  n e c e s s a r y  
to c a r r y  out the l abo r ious  p r o c e s s  of ma tch ing  the  inner  and outer  solut ions  in each c a s e .  The method of s i m -  
i l a r  so lut ions  m a k e s  it poss ib le  to  comple te  the match ing  p r o c e s s  once and fo r  al l .  

Reynolds  ~ equat ion fo r  plane,  i n c o m p r e s s i b l e ,  tu rbu len t  flow is used in the  f o r m  
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w h e r e  r is the  s t r e a m  funct ion fo r  the m e a n  flow; U, ex terna l  flow veloci ty ;  T, total  s h e a r  s t r e s s  (sum of v i scous  
and eddy s t r e s s e s ) ;  x ,  y,  longi tudinal  and t r a n s v e r s e  coord ina te s ,  r e spec t i ve ly ;  u 0(y), s t a r t ing  p rof i l e  fo r  the 
longitudinal  ve loc i ty  at the chosen  init ial  point x =x0; p, fluid dens i ty .  

We choose  U (x) as  the  r e f e r e n c e  ve loc i ty  fo r  longitudinal  ve loc i t i es  at d i f ferent  sec t ions  of the boundary  
l a y e r  and the  t r a n s v e r s e  length sca le  is the m o m e n t u m  th ickness  6" *. It fol lows f r o m  the expans ion  of the 
funct ion ~ {x, y) in t e r m s  of the t r a n s v e r s e  coord ina te  y 
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that  the usual  s h e a r  s t r e s s  r e f e r e n c e  r w can be r ep l aced  by the quant i ty  % -- pU6**dU/dx, which takes  into 
c o n s i d e r a t i o n  the  p r e s e n c e  of s t r e a m w i s e  p r e s s u r e  g rad ien t  and does not b e c o m e  z e r o  at the  s epa ra t i on  point.  
We choose  the  s a m e  set  of s i m i l a r i t y  p a r a m e t e r s  as  in the case  of l a m i n a r  boundary  l a y e r  [1] : 

/~ - U  h-~ dx--- TdhU z ~ (k . . . .  t, 2 ,3  .), 

w h e r e  z = 5**/(Uc); c =: cy2 --  (dU/dz)6**/U. 

Equat ion (1.1) is sub jec ted  to  the s i m i l a r i t y  t r a n s f o r m a t i o n  

~l = g / 6 * * ,  �9 = ~ / ( U 6 * * ) =  r R e * * ,  ([h)],  
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which ,  unl ike the l a m i n a r  boundary  l a y e r ,  contains  " local  ~ Reynolds  n u m b e r  Re ** = U 6 * * / v .  Re** will  h e n c e -  
for th  be cons ide red  a p a r a m e t e r  {the poss ib i l i t y  of such an approach  was  shown in [2]). 

Equat ions  fo r  the de t e rmina t i on  of dfk/dX coincide  with the c o r r e s p o n d i n g  l a m i n a r  b o u n d a r y - l a y e r  equa-  
t ions  
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The only s igni f icant  d i f fe rence  is the m o r e  complex  e x p r e s s i o n  

:I (2 -4- H) /1 \~ :J i.  c -- -.. [(1' .... ~)/1/1~ -i-/~+l] o:~ 
7 I~ 1 ' t 
:~ . t,: :~_ (1.3) 

! ' ,~ ,  #/: 

k -I 

Leningrad~ T r a n s l a t e d  f r o m  Zhurnal  P r i ~ a d n o i  Mekhaniki  i Tekhnieheskoi  Fizi ld ,  No. 5, pp. 74-77 :  
S e p t e m b e r - O c t o b e r ,  1982. Original  a r t i c l e  submi t ted  Sep tember  15, 1981. 

0021-8944/82/2305-()(~ 33507o50 �9 1983 Plenu-q~ I~b l i sh ing  C o r p o r a t i o n  659 



~,.~ ~ - - -  

Fig. I 

r ...... ' " " i 
i 

, i 

i i x  ] 

_ 
o -0,4 -o,a G 

g i g .  2 

which is the momen tum equation expres sed  in t e r m s  of s imi l a r i t y  va r i ab les .  The las t  equation is obtained by 
differentiat ing c with r e spec t  to fk instead of x. Equation (1.1) is finally brought to the universa l  f o r m  without 
the explicit  p re sence  of the external  flow veloci ty U 

2. Solution to the Universa l  Equation (the F i r s t  Stage of the Method). The well-known s e m i e m p i r i e a l  " 
equations of Prandt l  {with Van Dr ies t  cor rec t ion)  and Ca luse r  a r e  used to de te rmine  the shea r  s t r e s s .  The 
express ions  for  ~- in the inner ~_ and outer  ~+ regions in t e r m s  of s im i l a r i t y  va r i ab les  a r e  given by 
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where  A=26; a =0.0168. As indicated in a number  of s tudies ,  the value of K a r m a n m i x i n g  length ~ i nc rea se s  
f rom 0.4 for  a flat plate to ~0.6 for  l a r g e r  posi t ive p r e s s u r e  g rad ien t s .  Since the value of the p a r a m e t e r  fl is 
- 1  at separa t ion ,  we use the following l inear  dependence of n on fl: u. =0.41 - 0.1 ft (the Reynolds number  de -  
pendence of ~ is neglected) .  

The universa l  equation (1.4) in which the normal ized  skin f r ic t ion is de te rmined  f r o m  Eq. (2.1) was in te-  
grated numer ica l ly  using the marching  technique with the local ly  single p a r a m e t e r  approximat ion.  The func-  
t ions c and H were  computed at each step using the veloci ty prof i les  obtained at the preceding  s tep:  

c =  l~e**(i+/1) 0~12 n=0': H = j \  0~1 d~. 
0 

In o rder  to concentra te  computational  points close to the wall  (in the region where  the veloci ty prof i le  has a 
la rge  gradient)  a logar i thmic  t r an s fo rm a t i on  of the ordinate ~?, as suggested in [3], was made .  As a r e su l t  of 
the solution of the universa l  equation, a fami ly  of veloci ty prof i les  shown in Fig. 1 has been obtained {fl =0, 
-0 .60 ,  -0 .80 ,  - 0 . 9 5  for  the curves  1-4 r e s p e c t i v e l y ,  and the computat ions were  ca r r i ed  out for  Re**=104). 
Analysis of the computed veloci ty prof i les  es tabl ished the c o r r e c t n e s s  of the "law of 1 /2"  and the locat ion of 
the boundary between the cha r ac t e r i s t i c  regions  of the turbulent  boundary l aye r  was de te rmined  (Fig. 2) : I, 
viscous sublayer ;  II, log region;  III~ region of the "law of 1 /2 ,"  and IV, outer region.  As the separa t ion  point 
is approached the logar i thmic  region of the veloci ty profi le  is gradual ly  displaced by the r eg iono f  the ~the law 
of 1 /2 ,"  and the coordinate of the boundary between the inner and outer  regions approaches  a constant value 
~? =1.1.  

3. Solution to the Momentum Equations (the Second Stage of the Method). The fami ly  of veloci ty prof i les  
and the express ions  for  the universa l  functions 

c = 1.32.i0-3/(1 + 0.69[1), H = i.30/(l + 0.22]1) at 

--0:7 ~ ]1 ~ 0, 

we re  obtained in the f i r s t  s tage of the s imi l a r i t y  solution. It is followed by the second stage in which the o rd i -  
nary  different ia l  equations for  the momen tum 
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obtained f r o m  Eqs.  (1.2) and (1.3) r e m a i n  to be solved for  a pa r t i cu la r  p rob lem.  This equation has been inte-  
gra ted  for  a number  of turbulent  boundary l a y e r s  [4] using the E u l e r - C a u c h y  method.  Instead of an accura te  
s tar t ing  veloci ty  prof i le  an approx imate  initial condition fl =fl0 was used at x =x 0 (the value of 6o** , pa r t ly  taking 
into considera t ion  the h i s to ry  of the flow in the boundary l aye r ,  was taken f rom exper imenta l  r e su l t s ) .  Com-  
putational r e su l t s  of th ree  turbulent  boundary l a y e r s  with posi t ive p r e s s u r e  gradients  (experiments  2200, 1100, 
and 1200) a r e  shown in Fig. 3-5.  The exper iment  numbers  cor respond  to the ones g ivenin  the proceedings  of 
the Stanford conference  [4]. Curves  1 in Fig. 3-5 approximate  the exper imenta l  dis t r ibut ion of nondimensional 
veloci ty at the outer  edge of the boundary l a y e r  U/U~,  curves  2-4 a r e  the computed dis tr ibut ion of H, cf /2 ,  
8 * * / L  (Go is , the f r ee  s t r e a m  velocity,  L is the r e f e r ence  length of the body), r e spec t ive ly .  The exper imenta l  
data [4] a re  indicated by points in Fig. 3-5 (1: U/U~o; 2: H; 3: cf /2;  4: 6** /L) .  

As is to be  expected,  the computat ions  based on local ly  single p a r a m e t e r  solution to the universa l  
equation give a very  sa t i s f ac to ry  a g r e e m e n t  with exper iment  though not for  all the s tandard set  of expe r imen t s .  
It is p roposed  to c a r r y  out the solution to the universa l  equation with s ingle-  and t w o - p a r a m e t e r  a p p r o x i m a -  
t ions ,  which, as in the case  of l a m i n a r  boundary l aye r ,  should apprec iably  improve  the ag reemen t  between c o m -  
puted and exper imenta l  r e su l t s .  

The author  grateful ly  acknowledges the guidance rece ived  f rom L. G. Loi tsyanski i .  
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